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Abstract 


We provide a brief review of the standard techniques of canonical gravity quantization. We revise 
the canonical formulation of N = 1 supergravity and analyze the Lorentz constraint, following 
closely notations and conventions. We reconstruct the Ashtekars canonical formulation of N = 2 
supergravity starting from the N = 2 chiral Lagrangian derived by closely following the method 
employed in the usual supergravity. The quatization of the general theory is also contemplated 
and the issue of quantum physical states is subsequently analysed. 


1 Introduction 


The theory of quantum gravity is one of the foremost aspirations in theoretical physics 
and a promising line of approach is the use of nonperturbative methods. The consistent 
implementation of the gravitational interaction into the quantum framework is consid- 
ered to be the outstanding problem in fundamental physics. Quantum Gravity is reputed 
to be one of the most difficult puzzles of science. More ambitious particle physicists at- 
tempt to construct the unified theory in which all the four interactions — gravitational, 
weak, electromagnetic and strong are described by a single entity. Some general rel- 
ativitists consider that splitting the metric into background and quantum fluctuation 
parts is the origin of the failure in the perturbative quantization of general relativity. 
They therefore anticipate that it may be possible to quantize general relativity if we 
deal with the metric as a whole. Inspired by this anticipation canonical quantization for 
general relativity has been investigated for about thirty years. While the metric formula- 
tion seems to be too complicated to solve, since Ashtekar discovered new variables which 
simplifies the canonical formulation, Ashtekar’s formalism has been actively investigated 
by many people. This Ashtekar’s formulation for general relativity is now considered 
to be one of the promising approaches to quantum gravity. There are two well-known 
quantization methods for systems involving first order constraints such as Ashtekar’s 
formalism, namely the reduced phase space quantization and the Dirac quantization. In 
Dirac’s quantization, we first promote canonical variables in the unconstrained phase 
space to quantum operators by replacing the Poisson brackets with the corresponding 
quantum commutation relations. The first class constraints become the operator equa- 
tions imposed on physical wave functions. When the first class constraints are at most 
linear in momentum, this prescription is known to yield the same result as that in the 
reduced phase space method, up to a minor subtlety. Because the scalar constraint is 
at least quadratic in momentum, we expect that these two methods lead to different 
results for quantum Ashtekar’s formalism. The classical field equations following from 
the N = 1 supergravity Lagrangian by using the Hamiltonian formalism. There are 
constraints for each of the gauge symmetries contained in the theory: spacetime diffeo- 
morphisms, local Lorentz invariance, and supersymmetry. The canonical quantization 
of supergravity (SUGRA) is performed in general by applying Dirac’s procedure for con- 
strained systems. One uses the 3+1 decomposition of the canonical theory to obtain 
a Hamiltonian in which the symmetry generators of the gauge fields are constrained 
by Lagrange multipliers. Then it is postulated that the wave function is annihilated 
by all the constraints. In the case of N = 1 supergravity there are three constraints: 
the Hamiltonian constraint, the generators of Lorentz rotations and the supersymmetric 
constraint. The nonperturbative canonical treatment of supergravity in terms of the 
Ashtekar variable was firstly discussed about the simplest N = 1 theory. In this theory 
the chiral Lagrangian was constructed by using the self-dual connection which couples 
to only a right-handed spin-3/2 field, and this Lagrangian has two kinds of right- and 
left-handed supersymmetry (SUSY) invariances in the first-order formalism. Therefore 
two types of the SUSY constraints, which generate those SUSY transformations, appear 
in the canonical formulation. The extension of the Ashtekar’s canonical formulation to 
N = 2 extended SUGRA was mainly developed in the context of the two-form gravity. 
We propose here an alternative approach to the quantization of gravity and supergravity. 


2 Canonical Quantum Gravity 


Canonical quantization in the metric formulation starts from the (3+1)-decomposition 
of the spacetime metric: 


ds” = g,,dx"dx” = —N*dt? + quy(dx* + Ndt)(dx° + N’dt). (2.1) 


By plugging this into the Einstein-Hilbert action Spa = J,,d‘a,\/—gR, we obtain the 
ADM action 


SADM = i dt f PaT das — NH — NaH‘), (2.2) 
M) 


where H° and H are respectively the momentum constraint and the Hamiltonian con- 
straint. If we perform Dirac’s quantization, these two first class constraints yield the 
constraint equations imposed on the wavefunction V[q.,|. The momentum constraint 


H°” requires Y[qa] to be invariant under spatial diffeomorphisms. The Hamiltonian 
constraint H yields the notorious Wheeler-De Witt (WD) equation 


z 1 ô ô 
ivi (qacha = peed) 5 Sga + vi Ra} Y [qab] = 0, (2.3) 


where ©) R(q) is the 3-dimensional scalar curvature. This WD equation is considered as 
the dynamical equation in canonical quantum gravity. 

Both the Dirac and square-root Hamiltonian approaches to canonical quantization 
make use of the 3+1 split of the spacetime geometry by Arnowitt, Deser and Misner 
(ADM). According to the ADM prescription of classical general relativity one considers 
a slicing of the spacetime by a family of spacelike hypersurfaces labeled by a parameter 
t. This parameter can be thought of as a time coordinate so that any slice is identified 
by the relation t = const. The remaining three spacetime coordinates x’ determine a 
coordinatization of each slice. The spacetime metric “ Juv is parameterized by the shift 
Nt, lapse N and the 3-metric of the slice gig. 

The standard action of general relativity for the gravity field 


S= 1 dL = / dc RVJ/-Bg, (2.4) 
after its augmentation by appropriate boundary terms can be represented as 
4ni ij Jij ij if ij 
S= | dala r NH(T” , gij) — NIH’ (a, 945) | - (2.5) 


In this equation 7, H, and H’ are given as follows: 


1 


T” = g3 (g" K — K”), (2.6) 
1 1 ; 
H = g~? (mre =5 cam) — g? R, H’ = -27 ik; (2.7) 


where H is the super-Hamiltonian, H? is the supermomentum, K” is the extrinsic 
curvature tensor. K = Kt is the trace of the extrinsic curvature tensor, and II is the 


2 


matrix of 7. All the quantities in (2.6) — (2.7), are related to the 3-geometry of the 
slice. Without any further refinement or redirection, the ADM approach treats all six 
components of the 3—metric gig as the gravitational field coordinates with their conjugate 
momentum 7“, while the lapse N and the shift N’ are treated as Lagrange multipliers. 
The expression 


Hap (1, gij, N, Ni) = NH(T” , gij) F NH (r 943) (2.8) 
plays the part of Hamiltonian when variations of 7’ and gi; are considered. These 
variations produce the twelve Hamilton equations. 


O ij 0 1 1 
Jij _ HapM =2Ng 2 (= — zen) + Nig + NGG (2.9) 





ot On’) 
On = OHapmu 


Ot ~ gij 
We do not display this last equation in all detail as it is rather lengthy and is not 
necessary for this paper. In addition, there are three supermomentum constraints 





(2.10) 


H' (x, gij) = 0 (2.11) 
and the super—Hamiltonian constraint 
H(T” , gij) = 0. (2.12) 


These four constraint equations are obtained by variations of N; and N in the ADM 
action, respectively. The equations (2.9), (4.8), (4.8), (2.11) are not independent. The 
interplay between the Hamilton equations (2.9), (4.8) and the constraints (2.11), (2.12) 
is rather involved. In particular, if the constraints are satisfied on an initial slice then 
the Hamilton equations guarantee that they are also satisfied on all spacelike slices. 
On the other hand, if the constraints are satisfied on each slice of all possible spacelike 
foliations of a given spacetime then necessarily the Hamilton equations are satisfied. 
This last feature of general relativity has led people to refer to gravitational dynamics 
as a “fully-constrained theory.” While it is clear that this property can be valuable in 
the classical theory, it is also equally clear that it is implicitly based on the assumption 
of the uniqueness of the spacetime 4-geometry. This last assumption of uniqueness 
becomes problematic in quantum geometrodynamics, and the fully-constrained property 
of geometrodynamics also becomes problematic. This situation is, in our opinion, the 
root of the notorious “problems of time” in quantum gravity. 

A further investigation of the ADM picture of gravitational dynamics leads one to the 
interpretation of the supermomentum constraints (2.11) as expressing the 3-dimensional 
diffeomorphism invariance (the freedom of choice of coordinates on the slices) and the 
super—Hamiltonian constraint (2.12), together with the natural identification 





ôS 
T” = 2.13 
gij (ata 
as the Hamilton-Jacobi equation of the theory 
ôS 
H ŽE a) =0. 2.14 
(E.o (2.14) 


Although this Hamilton-Jacobi equation involves all six components of the 3—metric, 
the 3—-diffeomorphic invariance as expressed by the supermomentum constraints, 


( D ) = 0, (2.15) 
Jij |j 


allows one to identify the Hamilton-Jacobi equation as an equation that describes the 
evolution of the 3-geometry rather than of the 3-metric. Equation (2.14) has numerous 
disturbing features. The most disturbing of them is that, according to it, the super- 
Hamiltonian H cannot be interpreted as the generator of the time translation. In addi- 
tion, unlike the standard situation in mechanics, the super-Hamiltonian H participating 
in the Hamilton-Jacobi equation (2.14) does not coincide with the Hapm Hamiltonian 
(2.8) which generates the dynamic evolution via Hamilton equations (2.9), (4.8). This 
Hapm Hamiltonian is related to the Lagrangian £ by the standard relation 





09%; 
Hipp ee af (2.16) 
ot 
while, ordinarily, H is not. 
Dirac’s procedure of canonical quantization utilizes the standard prescription 
n 6S be ho 
Ôgij i Ògij 





and leads to four functional differential equations based solely on the four constraint 
equations of the classical theory 


Pë (R, gij) Y = 0, (2.18) 


H (77, gy) Y =0. (2.19) 
The three equations (2.18) are often interpreted as a requirement for the state functional 
to be a functional of the 3-geometry V = W[“)G] rather than of the 3-metric. Equation 
(2.19) is the Wheeler-DeWitt equation which is considered to be a proper wave equation 
for quantum gravity. This equation reminds one more of a Klein—Gordon equation than 
a Schrödinger equation. As we have already mentioned, the state functional V in this 
equation, although originally introduced as a functional of the 3-metric Y = WV] g;x], after 
imposing on it the requirement of 3-dimensional diffeomorphic invariance, is considered 
to be a functional of the underlying 3-geometry Y = W[“)G]. The commutation relations 
are imposed on all the components of the 3—metric, although proper care is taken to 
ensure that they are diffeomorphically invariant. The Wheeler-DeWitt equation, just as 
its classical counterpart, the Hamilton—Jacobi equation, does not admit an interpretation 
of the Hamiltonian as a generator of time translations. 

In the context of the general canonical theory—where there is no fixed spacetime 
metric—the internal time and space functionals are used to specify a set of non-dynamical 
degrees of freedom. This is part of the programme to reduce the theory to true canonical 
form. The key step in deriving the canonical form of the action principle is to pull-back 
the Einstein Lagrangian density by the foliation F : x R — M and express the result 
as a function of the extrinsic curvature, the metric g, and the lapse vector and shift 
function. The steps are as follows. 


1. Perform a canonical transformation 


(Jav(x), p° (2)) + (a4(x), Pa(2), 6" (x), 75()) (2.20) 
in which the variables (gay(x), p“(x)) are mapped into 


e the four functions z4(x) specifying a particular choice of internal space and time 
coordinates; 


e their four conjugate momenta Pg(x); 


e the two modes ¢’(x), r = 1,2, which represent the physical degrees of freedom of 
the gravitational field; 


e their conjugate momenta 7,(x), s = 1,2. 


The statement that Pg are the momenta conjugate to the four internal coordinate vari- 
ables x4 means they satisfy the Poisson bracket relations 


{Pa(z), Pa(2’)} =0 (2.21) 


^)}=0 (2:22) 


It is also assumed that all cross brackets of z^ and Pg with ¢” and m, vanish: 


{9 (2), z (2) } = {0 (2), Pala’)} = {7s(2), 2^ (x')} = {7s(2), Pe(2')}=0. (2.23) 


Note that some or all of these relations may need to be generalised to take account of 
the global topological properties of the function spaces concerned. There may also be 
global obstructions to some of the steps. 

2. Express the super-Hamiltonian and supermomentum as functionals of these new 
canonical variables and write the canonical action as 


Slo, r, N, N, £, P] = f at | do(Paid + 1,6" — NH, - NM.) (2.24) 
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where all fields are functions of x and t, and where H] and Ha are rewritten as func- 
tionals of x4, Pg, ¢” and rs. Note that ¢", ms, x4, Pg, N and N are all to be varied 
as independent functions. The fields 74 are interpreted geometrically as defining an 
embedding of X in M via the parametric equations T = T(x), Z° = Z?(x), where 
T(x) := x(x) and Z?(x) := x(x), a = 1,2,3. The conjugate variables Pg(x) can 
be viewed as the energy and momentum densities of the gravitational field measured 
on this hypersurface. Note however that the spacetime picture that lies behind these 


interpretations is defined only after solving the equations of motion and reconstructing 
a Lorentzian metric on M. 

3. Remove the non-dynamical variables by solving the constraints Hı (x) = 0 and 
H.(x) = 0 for the variables P4(x) in the form 


Pa(z) + halz; 2, ġ, 7] = 0. (2.25) 


4. Remove the remaining non-dynamical variables by deparametrising the canonical 
action functional by substituting into it the solution of the initial value equations. This 
gives 


Slo, 7] = fa fas {x,(x, t)" (x,t) — ha(a, xt, H(t), r(t)] xf (x) } (2.26) 


which can be shown to give the correct field equations for the physical fields ¢” and Ts. 
Note that, in (2.26), the four quantities x^ are no longer to be varied but have instead 
been set equal to some prescribed functions y4 of x. This is valid since, after solving 
the constraints, the remaining dynamical equations of motion give no information about 
how the variables x4 evolve in parameter time t. In effect, in terms of the original 
internal coordinate functionals, we have chosen a set of conditions 


z^ (x; g(t), plE)] = xé (2) (2.27) 


that restrict the phase-space paths t > (g(t), p(t) over which the action is to be varied. 
In this way of looking at things, gauge-con can be regarded as additional constraints 
which, when added to the original constraints, make the entire set second-class. 

The lapse function and shift vector play no part in this reduced variational principle. 
However, it will be necessary to reintroduce them if one wishes to return to a genuine 
spacetime picture. This can be done by solving the additional set of Einstein equations 
that are missing from the set generated by the reduced action. These are elliptic partial- 
differential equations for N and N. 

The equations of motion derived from the reduced action (2.26) are those correspond- 
ing to the Hamiltonian 


H(t) = | Perte) hale x OaE] (2.28) 

and can be written in the form 
PED L (g1), HO rea (2.29) 
22 =A a (2.30) 


where {, }req denotes the Poisson bracket evaluated using only the physical modes @" 
and z,. Thus, at least formally, the system has been reduced to one that looks like 
the conventional field theory and epitomised by the dynamical equations. A particular 
choice for the four functions yź using some coordinate system z? on X is 


xe(z) =t, xlr) = 2° (2.31) 


for which the Hamiltonian (2.28) is just the integral over X of ho. Thus we arrive at 
the fully-reduced form of canonical general relativity as derived in the work of Arnowitt, 
Deser and Misner. 


3 Ashtekar Formalism 


In this section we provide a review of Ashtekar’s formulation for canonical general rela- 
tivity. Ashtekar’s formalism were originally derived from the first order ADM formalism 
by exploiting the complex canonical transformation. In order to derive it from the outset, 
however, it is more convenient to use the chiral Lagrangian formalism. 

First we consider the usual first-order formalism of general relativity, whose action 
is called the Einstein-Palatini action with a cosmological constant A: 


1 A 
Sep = -; | Capys” A eÊ A (RY — =e ne’), (3.1) 
2Jm 6 


where e® is the vierbein and R°? = dw? + wA w denotes the curvature of the 
spin-connection wf. Equations of motion are derived from the variational principle, the 
vierbein e® and the spin-connection w®’. The results are respectively given by 


A 
Capys? A (RY — a Ae’) =0, Eapyse’ A (de> +w? . Ae‘) = 0. (3.2) 


If we assume that the vierbein e“ is non-degenerate, the second equation is equivalent 
to the torsion-free condition 


de +w% g Ae? =0. (3.3) 


The result of plugging its solution into Sgp yields the Einstein-Hilbert action 
M 


where R denotes the scalar curvature. This implies that the two equations in (3.2) are 
equivalent to the Einstein equation provided that the vierbein is non-degenerate. 

The (3+1)-decomposition of Sgp yields the first-order ADM formalism which is es- 
sentially equivalent to the usual ADM formalism. The resulting Wheeler-De Witt (WD) 
equation is as complicated as that in the ADM formalism. This Einstein-Palatini ac- 
tion is therefore not suitable for canonical quantization of general relativity. In deriving 
Ashtekar’s formalism, we need from another action which is classically equivalent to the 
Einstein-Hilbert action. This is the complex chiral action or the Plebanski action 


Sco = -i f Pelea A eg A (R°? = Aa A e°) = ee ad =| Ca A eg A Re, (3.5) 
7 6 2 IJe 
We can easily see that this action is equivalent to iS gy under the torsion-free condition 
de% + w% g A e® = 0, which is the equation of motion derived from the real part of Scc. 
As long as we regard (e%, wf?) to be real-valued, we can deal with the real and imaginary 
parts of Scc separately in deriving equations of motion. The complex chiral action Scc 
is therefore classically equivalent to the Einstein-Hilbert action. 
The complex chiral action can be cast into the BF action: 


. E A Nesa . 
Das if Shp as AS), (3.6) 
T 6 


T 


where F’ = dA’ + 369" AJ A AF is the curvature of the SL(2,C) connection A’ and X’ 
is an SL(2,C) Lie algebra-valued two-form. The new variables (A’, X) are related with 
the old ones (e%, wf) by: 


a EEN at eee 

A= iP yr = kas = iw" (3.7) 
l oe ee l 

y= ma e” nef = E Neë pieh Ae. (3.8) 


Namely, A’ is the anti-self-dual part of the spin-connection and ¥Ż is the anti-self-dual 
two-form constructed from the vierbein. In order to rewrite the action in the canonical 
form, we have to perform a (3+1)-decomposition. We consider the spacetime M to 
be homeomorphic to R x M®) and use t and x° as coordinates for R and the spatial 
hypersurface M) respectively. The result is 


Scc =i f dt | (a7 Ai + AiG? + Dt D), (3.9) 
M(3) 


where 7” = {€X} plays the role of the momentum conjugate to A’, G° and 6” are 
the first class constraints in BF theory: 
i ~ ai ~ai ijk Aj zak ai Late i Aai 
G = Dat” = 0,70" + CP ALE™, ® 33 Fiet gf (3.10) 
In order to obtain the action for Ashtekar’s formalism we further have to express X$, 
in terms of 7” by solving X! = apy ee A ef. Let us first fix the Lorentz boost part of 
SL(2,C) gauge transformation by choosing the spatial gauge: 


e°=—Ndt, e' =e'(dx* + N*dt), (3.11) 


where N and N“ are the lapse function and the shift vector, and e’.dr® yields the induced 
dreibein on M®). Plugging this expression into eq.(3.8) and performing a straightforward 
calculation, we find 


T“ = det (efje? = è” (3.12) 


b ~ k ~bj ~ck 
Da =N Ebac + ave" Eabc T ITE 5 (3.13) 


where ef denotes the co-dreibein efef = ô? and N = N{det(#)}~2 is an SO(3,C) 
invariant scalar density of weight —1 which plays the role of a new Lagrange multiplier. 

Here we should note that (3.13) is covariant under SO(3, C) gauge transformations. 
Eq.(3.13) therefore holds under arbitrary gauge, as long as the vierbein e® can be written 
in the form of (3.11) in a particular gauge. This is always possible if the dreibein (eż) 
is non-degenerate. A more detailed investigation shows that this is possible if there is a 
spacelike hypersurface at each point in the spacetime. 

Now the desired action is obtained by substituting (3.13) into the BF action (3.9): 


Scc =i | dt f PLR AIAG ENV SNS). (3.14) 
M(3) 


From this action we see that there are three kinds of first class constraints in Ashtekar’s 
formalism, namely, Gauss’ law constraint, the vector constraint V,, and the scalar con- 
straint S. We should note that G’, V, and S are respectively of density weight +1, +1 
and +2, while they are not explicitly shown by the tilde. The latter two constraints are 
of the following form 


Va = Egbe D" = -R Fh (3.15) 


SH E eK RIDE = RORY (PE + 3 fate) (3.16) 


Next we look into the constraint algebra. For this aim it is convenient to use smeared 
constraints: 


D(N) = -i daN (Va + AiG") =i | Prt Ly At 
M6) M6) 


SiN) =5 l BENS, (3.17) 


where 6’ is an SO(3, C) Lie algebra-valued scalar, N = (N°) is a vector on M®) and N 


=> 


is a scalar density of weight —1. We will refer to D(N) as the diffeomorphism constraint. 
Under the Poisson bracket 


{A,(2), 7" (y) Jes = —18 80 (2, y), (3.18) 


these smeared constraints generate gauge transformations in a broad sense. Gauss’ law 
constraint and the diffeomorphism constraint respectively generate small SL(2, C) gauge 
transformations and small spatial diffeomorphisms: 


{(Ai, a); C(O) }ps = (Dab, (0 x To) 
(43), D(N)}ee = (LpA Lat”), (3.19) 


where we have used the notation (0 x #*)' = «017°. The scalar constraint generates 
infinitesimal many-fingered time evolutions 


i , A. 
{AG S(N)} pp = —i Ne egy.) OY + 3 Pa 
{#™, S(N)} pp = —@ Det, (3.20) 


where ®” is the constraint (3.10) in BF theory and yf = —E Neo ey TE is an 
SO(3, C) Lie algebra-valued one-form. 

Using these results we can now easily compute the Poisson brackets between smeared 
constraints. We find 


{G(0), G0 
{D(M), D(N 
{S(M), D(N 


{S(N), S(M)}pn = —i l: _ Bak, = DR) + GK Ad), (3.21) 


where [N, Mie = (N? M" — M°d,N°%) stands for the Lie bracket and K* = (NOM — 
MO,N)r” x” is a vector on M®). The first three equations are the manifestation of 
the fact that SZ(2,C) gauge transformations and spatial diffeomorphisms form a semi- 
direct product group. The fourth and the fifth equations mean that the scalar constraint 
S transforms trivially under SL(2, C) gauge transformations and as a scalar density of 
weight +2 under spatial diffeomorphisms. It is only the last equation which is somewhat 
difficult to derive. It involves non-trivial structure functionals and is expected to cause 
one of the most formidable obstacles to quantum Ashtekar’s formalism. 

Next we will explain the reality conditions. In demonstrating the classical equivalence 
of the complex chiral action with the Einstein-Hilbert action, it has been indispensable 
that the vierbein e“ and the spin-connection w®? are real-valued. This tells us that, in 
order to extract full information on general relativity from Ashtekar’s formalism, we have 
to impose some particular conditions called reality conditions on the canonical variables 
(AŻ, 7”). According to the treatment of the SL(2, C) gauge degrees of freedom, there 
are two alternative ways of imposing reality conditions: 


Fix the Lorentz boost degrees of freedom by choosing the spatial gauge (3.11). Asa 
consequence the gauge group reduces to SU(2). The classical reality conditions in this 
case take the following form (the bar denotes the complex conjugation) 


FH, AL + AR = euke), (3.22) 


where wt = wH (e)dx® is the spin-connection on M“) which satisfies the torsion-free 
condition for the dreibein Oe = et dx* 


3)q@ei 48) yi AO ef = 0. 


Do not fix the gauge and keep the full SL(2, C) gauge degrees of freedom. The reality 
conditions in this case are merely pullbacks of eqs.(3.7)(3.8) to M®), namely 


Ai = — Se FRI — jw! PA = E elei + hede 3.23 
a 2 a a 2 b~e bc 


must hold for real e2? and real w?’. 

We cannot say which is absolutely better than the other. It is clever to make a 
relevant choice according to each problem to work with. 

Before concluding this section we will comment on the Euclidean case. The Euclidean 
counterpart of the Lorentz group SO(3,1)! © SL(2,C)/{+1} is the four-dimensional 


rotation group SO(4) = (SU(2) x SU(2))/{4+1}. As a result the anti-self-dual part of a 
rank two tensor takes a real value, for example, 


. fee at ; : Eai ; 
A; = =u +w”, Dp = = e AEHL. (3.24) 
Using this the Euclidean counterpart of the complex chiral action are given by 
E i i A i i 1 E a B aß 
(Soe) =) (Ar APA AA a] S o) =] ee Ae AR, (3.25) 
M 6 2 M 
where (Sgp)” is the Euclidean version of the Einstein-Palatini action. 
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If we deal with this action in the first order formalism, namely if we regard A‘, and e° 
as independent variables, (Scc)? does not coincide with the Euclidean Einstein-Hilbert 
action (Sz)" even on-shell. This is because information on the self-dual part of the 
torsion-free condition is lost. However, if we impose in advance the torsion-free condition 
de® + w°? Ae? = 0, (Scc)” coincides with (Sgy)” owing to the first Bianchi identity. In 
other words, in order to reproduce the result of Euclidean general relativity from that of 
Euclidean Ashtekar’s formalism, we have to impose the torsion-free condition by hand. 
In the canonical treatment, this amounts to the real canonical transformation from w% 
to (Ai;)a which is generated by į fye) wH Tt. 

In the reduced phase space quantization, we first construct the reduced phase space 
which consists only of the physical degrees of freedom and then perform the canonical 
quantization on this reduced phase space. The reduced phase space is constructed by 
first solving the first class constraints completely and then removing all the gauge degrees 
of freedom which are generated by the first class constraints. In general relativity this 
amounts to finding all the diffeomorphism equivalence classes of the solutions to the 
Einstein equation. It is in practice impossible to carry out this. So we usually adopt 
Dirac’s quantization procedure when we canonically quantize gravity. 

Let us now perform Dirac’s quantization. The canonical variables (A‘,7“) are pro- 
moted to the fundamental quantum operators (At, 3h) subject to the commutation 
relations 


[Ai (2), #7(y)] = 888 (E, y). (3.26) 


In this paper we will take the connection representation (or holomorphic representation) 
in which the SL(2,C) connection Ai is diagonalized. Wave functions are thus given by 
holomorphic functionals Y[A] =< A|V > of the SL(2,C) connection. The action of A‘ 
and 7 on these wavefunctions are respectively represented by multiplication by A‘ and 
by functional derivative A’: 


Ai (x) VA] = AŻ - DJA], h (2) U[A] = sag S (3.27) 
Next we impose the constraint equations: 
Ĝ'Y[A]=0 (3.28) 
DaV[A] =0 (3.29) 
SY[A]=0 (3.30) 


Gauss’ law constraint (3.28) and the diffeomorphism constraint (3.29) respectively re- 
quire the physical wavefunctions to be invariant under small SL(2, C) gauge transfor- 
mations and small spatial diffeomorphisms 


[A] = VIA] (3.31) 
Yig A] = WL A]. (3.32) 
Ad = (AT J; = gAt Jig! + g0ag"' and ¢* A‘ (x) = 0,¢°(x) A‘ (¢(z)) respectively denote 


the image of the connection A’ (x) under the small SL(2, C) gauge transformation g(x) 
and the pullback of At (x) by the spatial diffeomorphism ¢: M® — M®). The scalar 
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constraint (3.30) yields Ashtekar’s version of the Wheeler-De Witt equation. Because 
this equation involves at least second order functional derivative, its rigorous treatment 
requires some regularization. In association with this there is an issue on the operator 
ordering in the constraints. At the formal level there are two plausible candidates: 

Putting 7” to the right. A virtue of this ordering is that G' and D, correctly generate 
SL(2,C) gauge transformations and spatial diffeomorphisms. In this ordering, however, 
commutator [S ,S] fails to vanish weakly because the structure functionals appear to 
the right of the constraints. Putting 7” to the left. This ordering has a merit that the 
commutator algebra of the constraints Gry, (not D,) and Ê formally closes. A demerit 
of this ordering is that D, (or Va) does not generate diffeomorphisms correctly. 

We should note that the above discussion is formal in the sense that we deal with 
non-regularized constraints. 

In order to extract physical information from the physical wave functions, we also 
need to construct physical observables and to specify a physical inner product. Physi- 
cal observables are self-adjoint operators which commutes with the constraints at least 
weakly. Finding the physical inner product has been a longstanding problem in quantum 
Ashtekar’s formalism because it is intimately related with the reality conditions. As we 
have seen before, Ashtekar’s canonical variables have to satisfy the nontrivial reality 
conditions (3.22) or (3.23), which have to be implemented in the quantum theory as 
nontrivial adjointness conditions. Because the adjointness conditions can be attributed 
to the problem of inner product, the issue of reality conditions has not been taken so 
seriously as yet. Quite recently, however, a promising candidate for the physical inner 
product has been proposed. If it turns out that this inner product is genuinely physical 
and useful, we can say that the program of quantizing Ashtekar’s formalism has made 
great progress. 


4 Canonical Quantization of Supergravity 


The canonical quantization of supergravity is performed in general by applying Dirac’s 
procedure for constrained systems. According to it, quantization is performed by choos- 
ing a foliation for spacetime, a (3+1) decomposition of the canonical theory, in which the 
Lagrange multipliers are the normal components constraining the symmetry generators 
of the corresponding gauge fields. Of course, all the constraints should annihilate the 
ground state of the wave function. For the supergravity case, there are three different 
constraints in the problem, namely, the generators H, of the translations (Hamiltonian 
and diffeomorphism), the generators J, of local Lorentz rotations and the Majorana 
spinor (Fermionic functions) supersymmetric generators S. The Lagrange multipliers 
constraining these generators are the normal components e^o, woas, and Wo, of the 
coframe, connection and gravitino field, respectively. 
The starting point is the N = 1 supergravity Lagrangian 


1 i == 
Cs A /—gR—- Bo PW DW (4.1) 


where 
D, = 0, + (1/2)wyapo*? (4.2) 


is the covariant derivative and o^? = (1/4)(y47? — 7874). 
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For the y^ matrices we use a real Majorana representation 


0 o? io’ 0 0 —o? —io! 0 
0 _ F 2 Foi 
Vos (2 0 ) a ao ( 0 io) ae io (i 0 ) E S ( 0 EN , (4.3) 


in which the anticommutator relation {y4, y?} = 274 is satisfied, ot are the standard 
Pauli matrices. Moreover, ys = iy°y!y?y73. The Rarita-Schwinger field Y = Vyw4, 
a spinor—valued one-form, is subject to the Majorana condition Y = TC, with C 
the charge conjugation matrix. The vector—spinor gravitino field can be written in 


components form as 


Ypa = Pu , (4.4) 


where ju is a vector index and A is a spinor index. In this representation the Majorana 
condition reads Y = —iW? 7°. 
The coupling constant is set to one and the Ricci rotation coefficients wag read 


WvAB = Wy AB + K,4B , (4.5) 


where w,apg are the standard Levi-Civita Ricci rotation coefficients. The contortion 
tensor is 


Ky dg = ea’ es’ Kupo and Kone = ; (To Tapo Pup): (4.6) 
Greek indices from the end of the alphabet, A, 4, v, p,---, always range over 0,1,2,3, 
Greek indices from the beginning of the alphabet i.e. a, 3,y7,---, over 1,2,3, and both 
refer to world coordinates. Capital Latin indices, A, B,... run over 0,1,2,3 and small 
Latin indices, i.e. a, b,... over 1, 2,3, and are those with respect to a local orthonormal 
basis. 

In the case at hand the canonical variables are the covariant spatial components of the 
vierbein efa, their conjugate momenta pa“, and the spatial covariant components of the 
vector spinor Ya, defined on a generic spacelike hypersurface. There are three different 
constraints in the problem, the generators H, of the translations and diffeomorphisms, 
the generators J,,, of local Lorentz rotations and the Majorana spinor supersymmetric 
generators S. 

The Lagrange multipliers constraining the generators of translations, rotations, and 
supersymmetry transformations are the normal components e^o, woa pg, and Wo, respec- 
tively, of the corresponding gauge fields efn, wag and W,, with respect to the timelike 
normal vector n. 

Therefore, the canonical form of the simple N = 1 supergravity Lagrangian (4.1) can 
be written as 


1 — ; 1 = 
H=e4,Hat suo Tap tVoS = NH, + NH; + son Td + WS, (4.7) 


where HA, Jag and S are constructed from the canonical variables only and do not 
depend on the multipliers. In the equivalent form of the canonical Lagrangian H1, Hi 
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and J^? are the usual Hamiltonian, diffeomorphism, and rotational Lorentz bosonic 
constraints, respectively, and S the supersymmetric fermionic constraint. Now the lapse 
function N = e9°, the shift vector N; = e;°, woag, and Wo are the corresponding 
Lagrange multipliers. The supergravity generators satisfy the following algebra: 


{S(x), S(x')} = “A Ha d(x, =) ’ 
1 


S(x), Ho(2’)| = J~ CAB Ja (T, x’) ’ 


(S(x), gee) = ig"? S ô(x, x"), 
1 = 
[Ha(x), Hp(2')| = (-T12°He + z ABCD FERE Hap s) O(a, x’) 5 
(2')] = (66 H^ — 66H") 5(a, 2’), (4.8) 
Es ae oa I] = (je JRD pan PC FAD +PP TJ’ = if oe) O(a, x’) : 


The bosonic part is only a closed soft gauge algebra due to the appearance of torsion 
and curvature, instead of structure constants, on the right hand side. The fields 


Hap =D,Vp— Deva, 
1 
“ABo = 15 (vattnc + cA CIB YD “Ha? ) ; 
Qascp = Rascp — Vasco, (4.9) 


play the role of curvature two—forms and depend on the canonical variables of the theory. 
Without them, the algebra goes over into the supersymmetry algebra of flat space. 
Consequently, physical states |W) in the quantum theory have to satisfy the conditions 


Note that the supersymmetric constraint S|V) = 0 is the square root of the Hamiltonian 
one, on account of (4.8), and implies 714|V) = 0, so the second condition is redundant. 
We will focus only on the Lorentz Jag and supersymmetric S constraints, which are 
explicitly given as follows: 


1 
Tas = DA°€ Ba — PBC Aa — T° AT ABV a = 2a e Bla + 5 PtAaeey » (4.11) 


where 
kk 
ce gN i (4.12) 
are the components of the spin tensor, aa are the desitized local gravitino components 
(see eq. (4.18)), and 


T“ = TT (4.13) 
is the momentum conjugate to the gravitino field. In the last step we have used the 
Majorana condition Y = TC = —iW7,7°. Equivalently in terms of the dual generators 

1 
Ja = zeoas J”? = Jo=9, (4.14) 
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the Lorentz constraint reads 


} 1 
Ja = 5C0ABC plPre, + Page (4.15) 
It is interesting to note that, as expected due to the time arbitrariness, the condition 
J = 0 implies that Jog = 0, therefore reducing the Lorentz constraint to pure spatial 
rotations on the hypersurface of constant time. 

The generator of supersymmetry reads 


7 i 1 - 
S = ie ANV Yk = PAY Va + Pe Pah Yg, (4.16) 
where yı = —N7°, with N the lapse function. 
A further constraint, the Cartan relation 


Tiva = —AT wr = iV VV , (4.17) 


relates the torsion tensor to the Rarita-Schwinger field and is used to eliminate the 
torsion from the theory, leaving it only with first class constraints. 
It is rather convenient to use instead of the gravitino field itself, its densitized local 
components 
Qa = Ela Ve. (4.18) 


as the basic fields commuting with all non-spinor variables, here e = ®e = det(e,%). 
This variable was already found to be the natural one for the gravitino field. This choice 
suggests a matrix realization of the ġia obeying 


a 


{Qis jB} = g (0i)AB - (4.19) 


Here A and B are spinor indices, and the gravitational variables appear nowhere. 
In the Hamiltonian formulation of Ashtekar, one defines the spatial spinor-valued 
1-forms 048; = gP); as 
048, = Vief yin?” (4.20) 


These can equally be described, in the time gauge, in terms of the spatial triad e%;, the 
translation symbols cô“ and the unit matrix 644. Then, with 047’ = ho^}, one 
defines the density 

GAB = pag ABi, (4.21) 


where h = det(h,;). The Ashtekar canonical variables are then 647" and wapi, the 


spatial part of the unprimed connection 1-forms with spinor indices lowered. It can 
be verified that these are canonically conjugate. Of course, since, they contain only 
unprimed spinor indices, they are very well adapted for a description of anti-self-duality. 
For this purpose, we shall also need the spinor-valued 2-form 


MAB = ea” N €BA’, (4.22) 


obeying Uap = X(AB)- 
In the Hamiltonian approach, the action can be decomposed in terms of the spatial 
coordinate variables wap; = w(ap)i and momentum variables GABi — GAB) together 
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with the Lagrange multipliers N (lapse), N’ (shift) and wapo for specifying local SU(2) 
transformations. The Lorentzian action S has the form 


dos 1 ne 


Here, all spinor indices have been suppressed, but spatial indices are left explicit. The 
conventions (MN) 4° = M,?Npg® and Tr(M,4?) = M44 are being used. The spatial 
curvature 2-forms RY; = RAB) ij) are constructed from the spatial connection 1-forms 
w^, and D; denotes the spatial covariant derivative. From variation of the Lagrange 
multipliers, one finds as usual that each of their coefficients vanish, giving the constraint 
equations which restrict the form of the allowed data (w4pi, ones) for classical solutions. 


Further, the spatial 2-forms =“), of (4.22) are related to the variables 64" by 


or Se RY na (4.24) 

The anti-self-dual Einstein field equations, with a non-zero cosmological constant A, 

can be expressed in terms of the 4-dimensional 2-form 54? = XB), Note first that, for 

any set of orthonormal 1-forms e4“’,,, the 2-forms X48 defined in (4.22) automatically 
obey 

JAB ee) 0: (4.25) 


In the case of anti-self-dual Weyl curvature V4gcp = 0, the Einstein field equations 
reduce to 


1 
RARS shu’. (4.26) 


Now consider the canonical variables introduced by Jacobson for N=1 supergrav- 
ity, following Ashtekar’s approach, possibly including a positive cosmological constant 
written as A = 12y?. For consistency, the fermionic variables have been re-normalised 
as in D’Eath. The bosonic variables are again taken to be the connection 1-forms 
WABi = (AB), together with the canonically-conjugate variables GABi — G(AB)i. The 
fermionic variables are taken to be the unprimed spatial 1-forms %4; and their conjugate 
momenta 74". Once again, all variables only involve unprimed spinor indices, and so are 
well adapted to a treatment of anti-self-duality. Note that 7 is given in terms of the 
traditional variables by 


qo” = ete hae (4.27) 
The classical supersymmetry constraints involve 
S^ = Dt + dip(a*y,)4 = 0, (4.28) 


where D; is a spatial covariant derivative involving the connection w,4p,;, and 





S14 = (HG Dijdy)4 — 4ip(apt*)4 = 0. (4.29) 
Note here that ¢4?, = (1/ V2)Ekrmn lõa”. Quantum-mechanically, for a wave- 
functional Y|wasgi, Wail, the constraint S4W = 0 is a first-order functional differential 
equation, namely: 
Ow Ow 
D; | — ) — 4uy? = 0. 4.30 
o Ha G=) ( ) 
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This simply describes the invariance of the wave-functional Y under a local supersym- 
metry transformation, parametrised by e4(x), applied to its arguments w4p;(2), Yai(£). 
Note that the unprimed transformation properties of traditional variables include 


Seaan = —iWanea, bai = 2Diea, Swan = 0. (4.31) 
One further deduces the variation 
OW A Bi = LEW AcE B)- (4.32) 


The quantum constraint St4Y = 0 is described by a complicated second-order func- 
tional differential equation. One can transform from coordinate variables (w4pi, Wai) to 
the opposite primed coordinates (@,) Bi Wari), via traditional coordinates (e444, Wai), 
using functional Fourier transforms, with Berezin integration over fermionic variables. 
In the primed coordinates (@4/B;, Q ay), the quantum constraint operator S4 will appear 
complicated and second-order, while the operator S'4 becomes simple and first-order. 

In the unprimed representation (w4,;, Yai), in the case A = 121? > 0, one can again 
define the Chern-Simons action Scs for N=1 supergravity as: 


3 3 2 
Scslwasi, Vail = =x | W = z (wap A dw^” + zac Aw? p Aw — pph A Dia). 
(4.33) 


Here, we assume that the integration is over a compact 3-surface. The notation Dw, 
denotes the covariant exterior derivative of Ya;, using the connection wagi. Note that 
the functional Sog|w4p;, Wai] is invariant under unprimed local supersymmetry trans- 
formations applied to its arguments, with parameter e4(). 

Correspondingly, the Chern-Simons wave function, 


Yos = exp(—Scs|wapi, Pail/N), (4.34) 
obeys the first quantum supersymmetry constraint 
S“Wos = 0. (4.35) 


But, by symmetry, when one transforms this wave function into the opposite primed 
(War Bi, W Avi) representation, it will have the same form, and hence is also annihilated 
by the S'4 constraint operator. Hence, since Yog is automatically invariant under 
local tetrad rotations, this Chern-Simons wave function obeys all the quantum con- 
straints, and so defines a physical state. Here inverted commas have been used, since 
it is not clear whether or not Wos is normalisable. Jacobson’s extension of Ashtekar 
canonical variables to include N=1 supergravity for A > 0 is again adapted to the 
study of anti-self-dual supergravity in the Riemannian case. For A > 0, anti-self-dual 
evolution in N=1 supergravity similarly arises from the Chern-Simons functional Scs. 
Further, when Ashtekar-Jacobson variables are used, the Chern-Simons wave function 
Vos = exp(— Scs), of N=1 supergravity with A > 0, gives an exact solution of all the 
quantum constraints. The classical action Scs|wasi, Yai] is the generating function for 
anti-self-dual evolution of boundary data (wapi(x), Wai(x)) given on the compact spatial 
boundary, just as Scs|w,p;| generated the classical evolution for Einstein gravity with 
a non-zero A term. This certainly justifies further investigation. 
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5 Formulation of N = 2 Chiral Supergravity 


The construction of N = 2 chiral SUGRA starts from the flat, globally supersymmetric 
spin-(3/2, 1) matter multiplet of the chiral theory. The flat-space chiral Lagrangian is 
given by 


veo > 1 
Lip = e E ry perv — Ew), (5.1) 


which is invariant under the right-handed SUSY transformations generated by the con- 
stant Majorana spinor a, 


ORA,, = V2 QLP Rp, ÔRP Ru = 0, ORPLy = —vV2 iF yar, (5.2) 


and also under the left-handed SUSY transformations generated by another constant 
Majorana spinor a, 


SrA =N BnG St~ru=—V2iF Dyer, Orie = 9, (5.3) 


where F ee and FS represent the self-dual and antiself-dual part of Fv, respectively. 

If we make the SUSY transformation parameters a and @ in (5.2) and (5.3) space-time 
dependent, then terms proportional to (0 ar) and (ô z) appear in ô nin? and ô tbe 
respectively. These terms can be eliminated by using the transformations rr, = 
(2/k)ð ar and rYr = (2/K)O,a, at lowest order in «x, if we add to (5.1) the coupling 
term of (Vru, Yru) with the Noether current associated with (5.1), (5.2) and (5.3). The 
inclusion of the Noether term is 


Ly = Sip Sh + Orte) (5.4) 


with 
Je = —2 2 FOY ppp, Je = =95/9 FOYS, (5.5) 


recovers the right- and left-handed SUSY invariance at order «°. Note that J and J# 
are conserved because of the identity 


a o 1 aßpo 
Ow? Rv} + 3 Shp PR = zS mle pp YBO PRo), 


~ 1 +o 1 aßpo ~ 
Ou PL] B Supa" PT = — 5 Sule oe Yop Lo). (5.6) 


Furthermore in order to recover the SUSY invariance at increasing order in k, we 
start with the Lagrangian density 


A vpoz e —) UvT, vi z 
Lop = 6 Ey VDP Orv — Ew) + V 2r (FOG por EO Oe, Biv) (5.7) 


obtained by combining the covariantized form of (5.1) with the Noether term (5.4), and 
examine the variation 


bLY = (LSR + LY) (5.8) 


At order «K, several terms appear in 5£). The variation of the Maxwell action by 
using ôr,Le, and the variation of the Noether term by using rz and db; yp lead to terms 
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of the form, Fw, and F2wWp. The explicit calculation shows 


SR [F*h 1] = =e HYP? BS, Fog (WV py VOR — Pruan), 
6 LO [Fpa] = -Te el Fy, Foo Diy Pras — Vz dn); (5.9) 
each of which vanishes, however, by means of the identity 
er ail pe = Saad (5.10) 


This cancellation is the same as in the usual SUGRA. Other terms at order « in £0 
come from the variation of the spin-3/2 action in (5.7) by using ôr ze and from the 
variation of the Noether terms by using ôr A as well as from the first-order variation 
of the self-dual connection. At first order in «x, we have 


A 


Op LO) = —1K et? (ry tp) Pry ViOoPRv 


v i vpo =~ aA 
+2K (otare) + 5° ay(avene)} YLEn PR 





— v a vpo E ne p 
+21 oaro) - eo auer) b Frye (5.11 
for the right-handed transformations, and 
LÊ = -ik YP? (ARTUR) Ru ViOoPrv + ik H” (Gry Ooo) Pry ViP Rv 


are a: 1 vpo arara ie ais 
+26 (orani) T 5° p 0y(ne)} VrpPRv 





+26 ane) = se" Op Thin) b WD ruiu (5.12) 


for the left-handed transformations. Note that the second term of (5.12), which has no 
counterpart in (5.11), originates from SÊ for 6, AM and from 6£) for 6, A and 
drwy. Here we have defined 6,,u);, by using the AS which is the sum of the antiself-dual 
part of the Ricci rotation coefficients A;;,,(e) and that of Kij, given by 


i E. = 
Kiju = 3 (Vri + Y RENILR A — PRG NILRA) 
HPR VULR + PRGN Ru — Pry Vel RA (5.13) 
Namely, the A in LỌ; is now supposed to be obtained from the “unphysical” La- 
grangian density £2 which involves the pair (Y, Øp) besides (Yp, Yy). 
We present the chiral Lagrangian of N = 2 SUGRA. The independent variables 
are a tetrad an two (Majorana) Rarita-Schwinger fields po, a Maxwell field A, and 


a (complex) self-dual connection AM which satisfies (1/ Dera = iA. Greek let- 
ters [4,V,..., are spacetime indices, Lattin letters 2,7,..., are local Lorentz indices and 


(I), (J),...(= (1), (2)), denote O(2) internal indices. We take the Minkowski metric 
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nj = diag(—1,+1,+1,+1) and the totally antisymmetric tensor €;;,; is normalized as 
€0123 = +1. We define €,,,¢ and €“”?? as tensor densities which take values of +1 or —1. 
The N = 2 chiral Lagrangian density in terms of these variables is written in first-order 
form as 


+ i vpo „i vpo 2) I e — v v 
Daae A eh Bijan — ee agate (etre + Fm) 
tiy (E + PYD DU En TON DG ye DY) Oe ) (5.14) 

which is globally O(2) invariant. Here e denotes det(e},), (2) = —e&) and a = 


(1/2) (F + iet Fe) with Fe” = (1/2) F o. The covariant derivative pF ) and the 
curvature R y are 


DP =ð, + AR ROG = U0, AF, + A p AD), (5.15) 


while f, in the second line of (5.14) is defined as 


X Te 
Êu = Eu = eB yp WP OO, (5.16) 
Note that we have used (F, be as the Maxwell kinetic term in (5.14), which allows us 
to rewrite the canonical constraints in terms of the graded variables associated with the 
graded algebra GÊ?SU (2). The last four-fermion contact term in (5.14) is pure imaginary 
but this term is necessary to reproduce the Lagrangian of the usual N = 2 SUGRA 
in the aa ais formalism. Indeed, if we solve the equation SLG, /6A®) = 0 with 
respect to AG „ and use the obtained solution in the first two terms in (5.14), then those 
terms give rise to a number of four-fermion contact terms, which are complex with the 
imaginary term being written as 


a vpo ) vpo 
T= ae £ Dol y =] el p Chain em we ENE (5.17) 


where the torsion tensor is defined by T“, = —2De with De, = 3e, + Ajet. The 

last term in (5.14), on the other hand, can be rewritten as 

T= ete DD ag BO eID EOE) = erre Fr pl ag) pp el HOD 
(5.18) 

by using a Fierz transformation, and exactly cancels with the pure imaginary term of 

Eq. (5.17). Therefore the second order rae of N = 2 chiral SUGRA is reduced to that 

of the usual one up to imaginary boundary terms, and we have 


1 avza : 
LẸ, = Lwa usvat sucra — FÔLE (Dy YVE + 2iAðpAo)} (5.19) 


Note that a boundary term quadratic in the Maxwell field A, appears in (5.19) since we 
choose (F)? as the kinetic term in (5.14). 
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The global O(2) invariance of (5.14) can be gauged by introducing a minimal cou- 
pling for yP and A,,, which automatically requires a spin-3/2 mass-like term and a 
cosmological term in the Lagrangian. These three terms are written as 


À = e 
Pra T A — Vide Y SYD + 6X?e (5.20) 


with the gauge coupling constant A. Here the cosmological constant A is related to À as 
A = —6,?. Note that the first term of (5.20) is comparable with the kinetic term of ve 
in Eq. (5.14), since this term can be rewritten as 


À uupo rO) ppg ry. 26 
a Paap ph) Age) — yet”? Dred ep AD. (5.21) 


We denote the chiral Lagrangian as the sum of (5.14) and (5.20), namely, 
LÐ = LQ, + Lo. (5.22) 


Because of (5.19), the LP of (5.22) in the second-order formalism is invariant under 
the SUSY transformation of the usual gauged N = 2 SUGRA given by 


be}, =e AO yih, 6A, = V2 DDT, 
sy P = 2{ D [Ale pa — ND) Aa} 


+ DU) (Fur? + ze Ta a) — /2i Ay a? (5.23) 


with Aija (e, Y®) in by) being defined as the sum of the Ricci rotation coefficients 
Ajj,(e) and Kiju which is expressed as 


i —(I) D —0) D 70) I 
Kiju = Gp Wl + Oe Wy — oy NYY). (5.24) 


The first-order SUSY invariance of L) may be realized by introducing the right- and 
left-handed SUSY transformations as in the case of N = 1 chiral SUGRA. 

Starting with the chiral Lagrangian LP) of (5.22), let us derive the canonical formula- 
tion of N = 2 chiral SUGRA by means of the (3+1) decomposition of spacetime. For this 
purpose we assume that the topology of spacetime M is X x R for some three-manifold 
X so that a time coordinate function t is defined on M. Then the time component of 
the tetrad can be defined as 

eé = Nn + N'e. (5.25) 
Here n’ is the timelike unit vector orthogonal to eia, i.e., Neia = 0 and nin; = —1, while 
N and N° denote the lapse function and the shift vector, respectively. Furthermore, 
we give a restriction on the tetrad with the choice n; = (—1, 0,0,0) in order to simplify 
the Legendre transform of (5.22). Once this choice is made, erą becomes tangent to 
the constant t surfaces X and eoa = 0. Therefore we change the notation era to Era 
below. We also take the spatial restriction of the totally antisymmetric tensor €4”?? as 
cave — gabe while IK = eK, 

Under the above gauge condition of the tetrad, the (3+1) decomposition of (5.22) 
yields the kinetic terms, 
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LY = PA — 2 yap, + RA, (5.26) 
where Al, = —2A) ol, and (7 4%, t79) are defined by 








MS a = —V 21 OE POM ora, TRS oo =° +i B® (5.27) 
with B° = 5 e% Fy and 
i = sya 2 (Fx =N Ra 
V2 (BOG? — NDP PLM} E P gD, (5.28) 


IEA 


In (5.28) the Majorana spinors yP are used for simplicity. On the other hand, the 
constraints are obtained from the variation of L(+) with respect to Lagrange multipliers. 
Here we raise, in particular, the Gauss, U(1) gauge, right-handed SUSY and left-handed 
SUSY constraints expressed by the canonical variables as follows 








ôL) i 
Gr = > = DEF — — O Aor py, = 0, (5.29) 
oA! Bf 
SL) 
E eke Oat H* +A POA FD aD = 0, (5.30) 
SL) 
I ~ ~a 
Rs) = SpA, Dot) 4° + a tae ee cape ONM) 
+r (2iE%o! A — H) 2AM) = 0, (5.31) 
ôL 
Lg) = ip =e 4/9 2 EtE* (alo Ny B | (Dup y x4 À Aap ge deze 


+A ean 2° he + t E- eae f€agh(O Tog Kk gh) BO pe ple phe) 24 


a 2 
1 ee 
x je {Fit Fe eon (yy NG yp PP o)€ ma +i +a | =0, (5.32) 
where the Lagrange multipliers, A/ and p“)4,, are defined by 


_y7UT 1 
N= AG: p E n, (5.33) 


and the covariant derivatives on X are 


D,E? = 0,89 + tern AE, Dat) 4? = O At — IgM Ba) ae (5.34) 


We show that the resultant N = 2 chiral Lagrangian has a manifest O(2) invariance 
which rotates the two pairs of spin-3/2 fields into one as in the usual N = 2 SUGRA. 
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In fact, we can rewrite the action as 

Sua | PLR + chp) = f dal- oe ree = e EPS ayy DO Wry 
7 (Fw)? + ee (ROM + POM Sor 
+ (FCM + POM VD a r )} + sre et? Grn) Pry Ote] (5.35) 


—e cP? B p DP PRv — 


The chiral supergravity action S% is 


i vpo e v Sie, 
Sy = jes (ove 2 E Lo) = fes |- Rye” en Le aca Ger Pru eDs Why 


e K v v v P v ae 
— (Fin)? + ope (ROM + BO Vrati + (BOM + POM bp abd fel 


a vpo A TE vpo 
Hine eoe r bh np i EE + ETO AD Age 


— Vide Y SYO + 6e]. (5.36) 


6 Discussion and Conclusion 


In this paper we have reviewed the issue of time evolution in quantum gravity. Both 
the Dirac and the ADM square-root Hamiltonian quantization procedures create diffi- 
culties in introducing a meaningful concept of time evolution. The difficulties in both 
approaches, we conclude, stem from their common tendency to transfer to quantum 
theory an interpretation of classical geometrodynamics as an evolution of a spacelike 
hypersurface 3-geometry together with the fully-constrained property of classical ge- 
ometrodynamics. These two features essentially lead in classical geometrodynamics to 
an identification of Hamilton-Jacobi equation with the constraints and thereby removing 
a meaningful concept of time. This procedure does not present a serious problem in the 
classical theory of gravity as time evolution can be reinserted back. However, it leads to 
two different Hamiltonians in the theory. One of them participates in Hamilton evolution 
equation, the other one is the Hamiltonian of Hamilton-Jacobi equation. The resulting 
quantum theories naturally counter any meaningful concept of time evolution. They lead 
to what Kuchar has identified as the problems of time including the problem of functional 
evolution, the problem of multiple choice, the Hilbert-space problem of Dirac’s approach 
and the spectral-analysis problem of the square-root Hamiltonian approach. We have 
reconstructed the Ashtekar’s canonical formulation of N = 2 SUGRA starting from the 
N = 2 chiral Lagrangian derived by closely following the method employed in the usual 
SUGRA. We have modified the Maxwell kinetic term as (FS)? in the globally O(2) 
invariant Lagrangian. In addition we have gauged O(2) invariance of the Lagrangian so 
that we have obtained the full graded algebra, G?SU(2), of the Gauss, U(1) gauge and 
right-handed SUSY constraints in the canonical formulation. The left-handed SUSY 
constraint has the nonpolynomial factor as in the case of the Einstein-Maxwell theory 
in the Ashtekar variable. The detailed analysis for canonical quantization of N = 2 
SUGRA with the real Ashtekar variable needs future investigation. 
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